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1 Introduction
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2 Hrfel
2.1 EFMHEE

Definition 1. A =& O, P, RETE I > B P DLOB ALl Oor 64
P, » Hrr = G0

Property 2. % (A, Ay), (B, By), (C1, Cy) & ¥ HEEOHF ALl » AIFAY v] LIFE
AABCy, AAy BoCoiABLFAO » T H ©(A1B1CY), ©(AyByCy)INETOF LB
{F

B MEEARESR » PLtanER S KA FEE |

2.2 i

Exaple 3.(JUBL[E) FEH =MAE =88 ~ =3EE - —FHIEETE ORI
BHALE - 0 BB O KT ORI O R
hint: /] Ui 3205 B > 22 R RO B H Az BE 14
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Example 4.(USAMO 1993/2) Let ABCD be a convex quadrilateral such
that diagonals AC and BD intersect at right angles, and let E be their
intersection. Prove that the reflections of E across AB, BC, CD, DA are
concyeclic.

hint: f FEEH R ] LUZ A U5 2 AL 10

Example 5.(/NLemma) 5] [E|[E.0 » = ES - AYIEVI S A0 =B
AR

hint: %38 A Y] B35 ) 1B 2 AU R IR T e (L

2.3 BE

E R 1.(Korea National Olympiad 2009 P1)Let I, O be the incenter and
the circumcenter of triangle ABC', and D, E, I’ be the circumcenters of tri-
angle BIC,CIA, AIB. Let P, (@, R be the midpoints of segments DI, EI, FI.
Prove that the circumcenter of triangle PQR, M, is the midpoint of segment
10.

E & 2.(Unknow source) —#tfHAABC » F-0 A H » KiF : AABH,ABCH,
AACH INDERLZ = AR 2FRAABC

E R 3.(Brazil Mathematical Olympiad 2012 Dayl P2) ABC is a non-
isosceles triangle.

Ty is the tangency point of incircle of ABC in the side BC (define T, T
analogously).

14 is the ex-center relative to the side BC (define Ig,I- analogously).

X4 is the mid-point of Iplc (define Xp, X analogously).

Show that X T4,XpgTr,XcTc meet in a common point, colinear with the in-



center and circumcenter of ABC'

H @& 4.(USAMO 2015 P2) Quadrilateral APBQ is inscribed in circle w
with /P = /@) = 90° and AP = AQ < BP. Let X be a variable point on
segment PQ. Line AX meets w again at S (other than A). Point T lies on arc
AQB of w such that XT is perpendicular to AX. Let M denote the midpoint

of chord ST. As X varies on segment PQ, show that M moves along a circle.

3 JUELIEBIE

3.1 HlEM

Examplel. ¥ HAAABCZ HL > LABCHEE » PRAHTEL » & LM PLIE
AICABING » 3¢ ACTERARINK

K G, B, K, CVUEsIL[E

hint: %38 P&y R SEAT R EET A TR

Example2. (2018HKTST1 P6)A triangle ABC has its orthocentre H
distinct from its vertices and from the circumcenter O of AABC. Denote
by M, N and P respectively the circumcenters of triangles HBC, HC'A and
HAB. Show that the lines AM, BN,CP and OH are concurrent.

hint: 1R 2 JURE B S EO

3.2 HEM
P 1. (BMEE) 85  AABCTE.OEIMEE AOEER)EAR B H LR E
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Pl 2.(PHEEEEFHEE) AABCH » ORI » B =& AD, BE,CFX
JAH » BEXRED,ABZXYM » FD, ACZCJAN

##% : (1)OB L DF » OC L DE(2)OH L MN

HRE 3.(IMO 1989 P2)ABC is a triangle, the bisector of angle A meets the
circumcircle of triangle ABC in A, points By and C; are defined similarly.
Let AA; meet the lines that bisect the two external angles at B and C' in Aj.
Define By and C| similarly. Prove that

(i)the area of triangle AqByC\y = 2- area of hexagon

(i) AC1BA1C By > 4- area of triangle ABC'.

H & 4.(ISL 1997 P18)The altitudes through the vertices A, B,C of an
acute-angled triangle ABC' meet the opposite sides at D, E, F, respectively.
The line through D parallel to EF meets the lines AC' and AB at () and R,
respectively. The line EFF meets BC' at P. Prove that the circumcircle of the
triangle PQ) R passes through the midpoint of BC.

4 FAHesdsEEE

4.1 EBAMHE

Definition 1. # W &8y, Liw & 5 5N m, kG (11, m) = /(la,n) > HI
Ly, LRy tm, nZ S5 M FLARAH (0 7T DL K3 )

Definition 2.(%f Wi HAABCHA—BP » HH —EiP W HINMERE
W B A MM I TEREE P, P R AR » AP, Py — 4155 A HLIEs (7T LA
i 5 8 J5 P B E B B AR 1)

Lemma 3.(Isogonal Lines Lemma)



Lemma :

Let AP, AS and AQ, AR be two pairs of isogonal lines with respect to /BAC.
Let PRNQS =X and PQN RS =Y.

Then AX, AY are isogonal line with respect to /BAC

Proof :

Without loss of generality let AY intersect PR, QS in K, L respectively. Con-
sidering the perspectivity that sends line PR — @S (Y is the centre of per-

spectivity).

PK-XR _ QL-SX
XK-PR — XL-SQ

Now using the property of cross ratio w.r.t point A.

Let /PAQ = /RAS =z, /QAL =y, /XAR =z

Using the cross ratios,

sin(x +y) - sinz = siny - sin(z + 2)

Siny = sinz

y = z (configuration matters here)

JQAY = /RAX

our lemma.

p.s. R & Z BT @S SRA LT B3 T

Lemma 4.(ffl % B) % EAABCAMILEIEL P, P+ > A A FfE 2 p13T 2] =53
2 RN BELE - BIEC A PP EE

hint: 7] BUE RS BIEE R EHUERILE - FiCE R TR

Observation: = B8 /M0 /O il — A <5 A L WERL - Bt DUJL RS Bl i 2 Al 71
{2 B



4.2 HIEM

Example 1.(Tournament of Towns Spring Senior A 2006) In triangle
ABC, let AA’ be the bisector, and let X be any point on AA’ and let BX,CX
meet AC, AB again at B, C’. Let BX meet A'C’ at P and CX meet A'B’ at
Q. Prove that /PAC = /QAB.

hint:Trivial by Lemma

Example 2.(Iran TST 2015)AH is the altitude of triangle ABC and H’
is the reflection of H trough the midpoint of BC'. If the tangent lines to the
circumcircle of ABC at B and C, intersect each other at X and the perpendic-
ular line to X H" at H', intersects AB and AC at Y and Z respectively, prove
that /ZXC = /Y XB.

hint: & XIT@EZEIAB L AP

Example 3.(% BAI4EE)PHAABCA—E > HIPHIE & = A JF b = TERET
FlOABC=BE Rz =AM (FE [ = AR s E N L =AF)
Observation:F/ U H B 5l & 58 ik 4 61 (il T BE 5 LG B 13 3 )

4.3 BE

E & 1.(China TST 2002)Let E and F be the intersections of opposite sides

of a convex quadrilateral ABC'D. The two diagonals meet at P. Let O be the

foot of the perpendicular from O to EF. Show that /BOC = /AOD.

B 2.(2015 APMOC P5) = ABCH » BiL, M, N4 BIfEBC, AC, AB#%

L BEHIAANM, ABLN, ACM L& KB = AT » 5045 B A& Hy, Hp, He
WAH,, BHp, CHo = #3328 o 55080 © LH,, MHp, N Ho =43 7R FL B

E & 3.(India Postals 2015 Set 2) Let ABCD be a convex quadrilateral.
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In the triangle ABC' let I and J be the incenter and the excenter opposite the
vertex A, respectively. In the triangle AC'D let K and L be the incenter and
the excenter opposite the vertex A, respectively. Show that the lines I'L and
JK , and the bisector of the angle BC'D are concurrent.

E & 4.(2021 Taiwan TST 3J Mock6)Let ABCD be a thombus with cen-
ter O. P is a point lying on the side AB. Let I, J, and L be the incenters of
triangles PC'D, PAD, and PBC, respectively. Let H and K be orthocenters
of triangles PLB and PJA, respectively.

Prove that Ol 1 HK.
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