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Example 1.
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Solution 1.

H#E » H ab® + b+ 7|b(a*b + a+b) — alab® +b+7)

= ab® + b+ 7|b* — Ta

= |b> — Ta| > |ab®> + b+ 7| or B> —Ta =0
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Solution 2.
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Problem 1.(2020 Japan MO Final P1)

Find all pairs of positive integers (m,n) such that ";:7;1 and V2" 1 +m + 4 are
both integers.
Problem 2.(2019 Japan MO Final P1)

Find all triples (a, b, ¢) of positive integers such that

a’* +b+3=(b*— >

Problem 3.(2022 Canadian Mathematical Olympiad Qualification P1)
Determine all pairs of integers (m,n) such that m? 4+ n and n? + m are both
perfect squares.

Problem 4.(2017 Singapore MO Open P3)

Find the smallest positive integer n so that \/w is an integer.
Problem 5.(2019 ISL N2)

Find all triples (a, b, c) of positive integers such that a® + b® + ¢ = (abc)?.
Problem 6.(2022 APMO P1)



Find all pairs (a,b) of positive integers such that a® is multiple of b? and b — 1
is multiple of a — 1.
Problem 7.(2013 APMO P2)

Determine all positive integers n for which [\;l%j;}rz is an integer. Here [r]| denotes

the greatest integer less than or equal to 7.

Problem 8.(2021 ISL N1)

Find all positive integers n > 1 such that there exists a pair (a,b) of positive
integers, such that a® + b + 3 is not divisible by the cube of any prime, and

ab -+ 3b + 8
a2+b+3°

Problem 9.(2015 ISL N2)

Let a and b be positive integers such that a! + b! divides a!b!. Prove that
3a > 2b+ 2.

Problem 10.(2002 APMO P2)

Find all positive integers a and b such that

a’+b nd b +a
b2 —a a?—>

are both integers.

Problem 11.(2012 Bulgaria MO P1)

The sequence aq,as,as ..., consisting of natural numbers, is defined by the
rule:

api1 = ap + 2t(n)

for every natural number n, where t(n) is the number of the different divisors
of n (including 1 and n). Is it possible that two consecutive members of the

sequence are squares of natural numbers?
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Example 1.(2010 ISL N1)
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Solution 1.

1 1 1 1 1 1 1 1 34 66
(1—5)(1—5)"'(1—%)X(1—£)(1—%) ”(1_@) (1—ﬁ) 33510767

ol
2010
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Solution 2.

EZRHAE 0 2HER. & n 280 2p | n 2HEE

W& (0,n/p,n/p,n/p,...,n/p) > BIEEITIE -

MAREE 2 n=p BEEEESFE a, +apg +. . Fagp =0 (mod p)
HNFLE 0(k) BURTY k. & A [ [E

k—0(k)+1
AT LB —ETEIR. Y2 0= (a1 + ... +ap) + (a1 + ... +ag) +... +
(ap, 41+ ...+ ap)

=c(ag+...+a,)iBF c EkENZpAIEERE > NZc<p Fillay+...+4a,=0
(mod p) » F/&
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Problem 1.(2016 IMO P4)

A set of positive integers is called fragrant if it contains at least two elements
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and each of its elements has a prime factor in common with at least one of the
other elements. Let P(n) = n* 4+ n + 1. What is the least possible positive
integer value of b such that there exists a non-negative integer a for which the

set

{P(a+1),P(a+2),...,P(a+0b)}

is fragrant?

Problem 2.(2021 ISL N2)

Let n100 be an integer. Ivan writes the numbers n,n + 1,...,2n each on
different cards. He then shuffles these n + 1 cards, and divides them into two
piles. Prove that at least one of the piles contains two cards such that the sum
of their numbers is a perfect square

Problem 3.(2020 ISL N2)

For each prime p, construct a graph G, on {1,2,...p}, where m # n are
adjacent if and only if p divides (m* +1 —n)(n* + 1 — m). Prove that G, is
disconnected for infinitely many p

Problem 4.(2014 ISL N1)

Let n > 2 be an integer, and let A, be the set
A, =1{2"-2" ke Z 0<k<n}.

Determine the largest positive integer that cannot be written as the sum of

one or more (not necessarily distinct) elements of A,, .
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Example 1.(2017 ISL N1)
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Solution 1.
B > & ap = 2(mod3) » A 22 = 0orl(mod3)E B 5 #E &L HK » &
ap = 1(mod3) > I HELEZEMIE > Hay = 1> Ba = 4, aa = 2> X

Hay, = 2(mod3) » BHIBIIRERL > ila) = 1IN EER
Sap = 1 3k + 1 A BB BEEEAAWE > AlEa) =3k + 4 £ FNHEE

FaeT2 P HEEF > Bai < 3k +1Hai = lor2(mod3) » 72 HERANR
i RIS AL



iR * FHag —HIEE > ay = 9, a3 = 30/ T —(EHEER

MBS » BEEN <i<k>a =3 HBWE » M HERGE7TE
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Problem 1.(2013 ISL N1)
Let Z.( be the set of positive integers. Find all functions f : Z-y — Z~ such
that

m? 4+ f(n) | mf(m) +n

for all positive integers m and n.

Problem 2.(2019 ISL N3)

We say that a set S of integers is rootiful if, for any positive integer n and
any agp,ai,---,a, € S, all integer roots of the polynomial ag + a1z + - - - + a,x"
are also in S. Find all rootiful sets of integers that contain all numbers of the
form 2¢ — 2% for positive integers a and b.

Problem 3.(2018 ISL N3)

Define the sequence ag, a1, as, by a, = 2" + 2l"/2]. Prove that there are in-
finitely many terms of the sequence which can be expressed as a sum of (two
or more) distinct terms of the sequence, as well as infinitely many of those

which cannot be expressed in such a way.



